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MEASURABLE UNIFORM SPACES ZDENEK FROLIK
A uniform space is called ^"measurable if the pointwise limit of any sequence of uniformly continuous functions (real valued) is uniformly continuous. A uniform space is called measurable if the pointwise limit of any sequence of uniformly continuous mappings into any metric space is uniformly continuous.
It is shown that measurable spaces are just metric-fine spaces with the property that the cozero sets form a σ-algebra, or just hereditarily metric-fine spaces.
Metric-fine spaces seem to form a very useful class of spaces; they were introduced by Hager [5] , and studied recently by Rice [7] and the author [2] , [3] . Separable measurable spaces are studied in Hager [6] .
The notation and terminology of Cech [1] is used throughout; for very special terms see Frolik [2] , The main result of the author's [3] is assumed, and [4] may help to understand the motivation.
If X is a uniform space we denote by coz X, zX or BaX accordingly the cozero sets in X (i.e., the sets coz/ = {x \fx Φ 0} where / is a uniformly continuous function), or the zero sets in X (i.e., the complements of the cozero sets), or the smallest σ-algebra which contains coz X (equivalently: zX). Since any uniform cover is realized by a mapping into a metric space, the completely coz-additive uniform covers form a basis for the uniformity. Completely coz-additive means that the union of each subfamily is a cozero set.
If X is a uniform space then eX is the set X endowed with the uniformity having the countable uniform covers of X for a basis of uniform covers; eX is a reflection of X in the class of separable uniform spaces (i.e., in spaces Y with eY = Y).
We denote by a the usual coreflection into fine uniform spaces. Recall that aX is the set X endowed with the finest uniformity which is topologically equivalent to the uniformity of X. The first theorem is a version of a simple classical result on measurable functions. The equivalence of Conditions 1-5 appears in Hager [6] . This theorem is repeatedly used in the sequel, and therefore an economical proof is furnished. THEOREM Proof. It follows immediately from the definition that Condition 1 is necessary and sufficient. Condition 5 implies that X is y$o-measurable by the classical result that measurable functions are closed under the operation of taking pointwise limits of sequences ("only if" in Condition 5 is always satisfied). We shall check that each of the Conditions 1-4 implies the subsequent one. Two implications are almost self-evident; namely 2 implies 3, and for 3 implies 4 we must just recall that eX always has a basis consisting of countable covers ranging in coz X(BaX).
Condition 4 implies Condition 5, because if /is Baire measurable, and if ^ is any countable open cover of R, then f~ι\^f\ is refined by a countable partition ranging in BaX.
It remains to show that Condition 1 implies Condition 2. Assume 1. If G is a cozero set, and if / ^ 0 is a uniformly continuous function with G = coz/, then the characteristic ( = indicator) function g of G is a pointwise limit of the uniformly continuous functions f n = min(l, m /) , and hence g is uniformly continuous by 1. Hence coz X = zX, and hence coz X is a σ-algebra, and hence coz X = BaX. Now let {B n } be a partition ranging in BaX. Let f n be the n multiple of the characteristic function of B n . The limit g of uniformly continuous functions Σ {Λ I w ^ k} realizes {J5J in the sense that {B n } = g' ι [U\ for some uniform cover U of R. This concludes the proof. THEOREM (2) is necessary, and clearly (2) implies (1) . Condition (1) implies immediately that the pointwise limit of uniformly continuous functions is uniformly continuous.
For the next result we need to recall further definitions. A uniform space X is called metric-fine if for every uniformly continuous mapping / of X into a metric space M the mapping /: X -> aM (see introduction) is uniformly continuous. A uniform space is called (separable metric)-fine if the condition is fulfilled for f's into separable ikf's. For properties of metric-fine and (separable metric)-fine spaces we refer to Frolίk [3] ; Hager [5] is a good reference, but it is not enough for our purpose. We need the following description of the coreflections m No X and mX of a uniform space X in (separable metric)-fine or metric-fine spaces respectively (see Frolίk [3, Theorems 1 and 3] :
The covers of the form {U a ΠB n \aeA,neN} form a basis for nbχ 0 X, and the covers {U:nB n \neN,ae A n } form a basis for the uniform covers of mX, where {U a \ a e A}, {Ua I a e A n ] are uniform covers of X, and {B n } is a cover of X by elements of coz X; in addition we may assume that all covers are completely coz X-additive. We also need to know that
A uniform space X is called inversion-closed if the set U(X) of all uniformly continuous functions is inversion-closed, and this means, that if fe U{X) and fx Φ 0 for all xeX, then 1// is uniformly continuous.
If X is (separable metric)-fine then X is inversion-closed; this is obvious. Proof. Take a nonnegative function / in U(X) such that Z = {x I fx = 0}, and let g be the inversion of the restriction of / to Y. Take a uniformly continuous pseudometric d on Y such that / is uniformly continuous on (X, d), and g is uniformly continuous on the subspace Y of (X, d). The function g extends to a uniformly con-
is a zero set in <X, d), hence in X. We shall check that Z' n Z = φ; iί zeZ'0 Z, then fz = 0, and a sequence {?/"} in Y converges to z; in (X, d) 9 since fz = 0 necessarily fy n -> 0; hence the value of the extended g should be oo g iί, and this contradiction proves the lemma.
REMARK. In the proof of Lemma 1 we used the following simple but useful proposition:
If 7c X, M is metric, and g: Y~+M is uniformly continuous, then there is a uniformly continuous pseudometric d on X (X!) such that g is uniformly continuous on <Y, d). (Proof. For each n, let %» be a uniform cover of X such that the trace of u n on F refines the inverse image under g of the 1/w-cover of M. Arrange it so that u n+1 star-refines u n for each n, and let d be the pseudometric associated with the sequence {u n }.) The existence of the d in the proof of Lemma 1 now follows. We note that the proposition implies that if YaX and g: Y -» B is uniformly continuous, then g has a continuous extension over X: Choose d as above, extend g over the d-closure of Y by uniform continuity, then over all a X by the Tietze-Urysohn Theorem. (If g is bounded, there is a uniformly continuous extension by Katetov's well known theorem.) THEOREM 
5.
The following properties of a uniform space X are equivalent:
1. X is ^0-measurable.
X is hereditarily (separable metric)-fine.

X is (separable metric)~fine, and each subspace is inversionclosed.
X is (separable metric)-fine, and each cozero subspace of X is inversion-closed.
Proof. Since ^-measurable is hereditary and implies (separable metric)-fine, Condition 1 implies Condition 2. Next (separable metric)-fine implies inversion-closed, and hence Condition 2 implies Condition 3. Self-evidently Condition 3 implies Condition 4. It remains to show that Condition 4 implies Condition 1. Assume 4. By Lemma 1 we get coz X = zX, hence coz X = BaX. As is noted above, since X is (separable metric)-fine, this implies that X is % 0 -measursible.
REMARK. For separable spaces, the equivalence of 1 and 2 in Theorem 5 is in Hager [5, 4.2] . We are in a good position to derive several results which are not needed in the sequel, but may help the reader to get better understanding of the spaces used. Again for separable 98 ZDENEK FROLJK spaces, Propositions 1, 2, 3 and the corollaries appear in Hager [5] . PROPOSITION Proof. Since every metric-fine uniformity is inversion-closed, Condition 1 implies Condition 2. Assume Condition 2, and let g be a bounded continuous function on Gz> X, G being a cozero set in K. Pick up a bounded nonnegative continuous function / on K such that G = coz /. The function /• g on G extends to a continuous function h on K; indeed, put hx = 0 for x in K -G. Thus the restriction of g to X is the ration of two uniformly continuous functions, namely gx = hx/fx , hence is uniformly continuous, and hence extends to K.
Assume Condition 3, and let us consider the (separable metric)-fine coreflection of the relativization of the uniformity of K to X. We must show that every uniformly continuous bounded function / extends to K, and in view of Condition 3, it is enough to extend / to a cozero set G z> X. Take a countable base {U n ) for R and extend each U n to & cozero set G n in R; let G be the union of all G n . Clearly / is uniformly continuous with respect to the relativization of the fine uniformity of G to X, and hence / extends to a continuous function on G. This completes the proof.
COROLLARY. The Samuel eompactification of a uniform space X enjoys the properties in Proposition 3 if and only ifmXis proximally equivalent to X.
For more results on rings of uniformly continuous functions we refer to Hager [5] . Now we proceed to measurable spaces which seem to be quite interesting. The first result is a characterization of measurable spaces which will be used to describe the coreflection into measurable spaces, and which connects immediately the theory of measurable spaces with the theory of metric-fine spaces.
THEOREM 6. A uniform space X is measurable if and only if for •any sequence {{Ua \ a e A n }} of uniform covers of X, and for any partition {B n } of X ranging in BaX the cover
Proof. First assume that X is measurable, and let (*) be given. We shall realize (*) by a uniformly continuous mapping g into a metric space Y.
Since X is ^-measurable, for each n the cover T n = {B k nU a n \keN,aeA n } is uniform, and hence there exists a uniformly continuous mapping / of X into a metric space <M, d), which realizes all 71-We may ,and shall assume that d ^ 1, and the preimage of the 1/%-cover of For each y in M the sequence {#"#} is eventually constant and converges to gy, namely if yeC k then g n y = #2/ for n^ k. Now let h^gof, h n = g n of. The mappings Λ w are uniformly continuous, and hence h is uniformly continuous because {h n } converges point wise to h and X is measurable.
It is easy to check that the preimage of the 1-cover^ of Y under h refines our given cover (*). Indeed, Now assume the condition, and let {f n } be a sequence of uniformly continuous mappings of X into a metric space M, which pointwise converges to a mapping f: X-+ M. We must show that /: X-^Mis uniformly continuous. For each positive number r, and for each n consider the set 1. X is measurable.
X is # Q~m easurable and metric-fine.
3. X is hereditarily {separable-metricYfine and metric-fine. 4. X is hereditarily metric-fine (i.e., each subspace of X is metric-fine).
Proof. If we compare the characterization of metric-fine spaces recalled above and Theorem 6 we see that Conditions 1 and 2 are equivalent. Conditions 2 and 3 are equivalent by Theorem 5. Finally, obviously Condition 4 implies Condition 3, and is implied by Condition 1 because measurable spaces are hereditary.
It follows from Theorem 7 that measurable spaces are cor effective. Now we shall describe a coreflection measurable spaces and get as a byproduct that measurable spaces are coreflective.
THEOREM 8. For every uniform space X let MX be the set X endowed with the uniformity having for a basis of uniform covers the covers of the form described in Theorem 6. Then: 
A space X is measurable if and only if each σ-uniformly discrete partition of bounded class in BaX is a uniform cover of X.
We must explain the notion "of bounded class in BaX". We know that BaX is the smallest σ-algebra which contains coz X (or equivalently, zX). It follows that
BaX =\
where ^ = cozX, ^ = zX, and by induction & a {0ϊ> resp.) is obtained from U {^ | β < a}(\J {^ \ β < a}) by taking all countable intersections (countable unions) or countable unions (countable intersections) according to as a is odd or even. Proof of Theorem 10. Let {X; | n e N, a e A} be a (/-discrete partition of bounded class, say a, in BaX. Put B n = U {XI \ aeA n }. The sets B n are of class at most a + 1 because {Xt \ a e A n } are uniformly discrete. The sets Xl are cozero sets in J5 Λ , and they form a uniform cover of the subspace B n of X. By Theorem 6, {X%} is a uniform cover of MX.
It remains to show that these covers form a basis. By A. H. Stone Theorem every uniform cover ^ of every uniform space X has a uniformly σ-discrete refinement IT = \J {V k }; T is not necessarily uniform, but it is a uniform cover of MX by Theorem 6 (in fact it is a uniform cover of mX, which is the coreflection in metric-fine spaces); indeed put C n = [J { T n }> B n = C n -\J {C k \ k < n}. Now if {Ua ίΊ B n ) is a typical defining cover of MX, we may replace each cover {Ua \aeA) by a uniformly (in X) σ-discrete cover {V k \keN} f and put B nk = B n f] V*. Then |J {B nk Π [ T k n ]} is a uniformly (in X) σ-discrete cover of a bounded class which refines {UZΓlB n }. We need a partition; well order {(n, k)} according to ω Q , and take the differences as above. This concludes the proof.
In conclusion we show that for mappings of metric-fine (and hence of measurable) spaces uniform continuity depends on two data only: Cozero sets and "σ-discreteness". I do not know whether this property characterizes metric-fine spaces. Recall (we shall not use it) that just metric-fine proximally fine spaces are completely determined by cozero sets, see Frolίk [3, Theorem 4] . First let us stress that the only distinction between metric-fine spaces and measurable ones is in cozero sets. THEOREM [3] , which was recalled just after Theorem 5.
REMARK. M. Rice [7] proved independently that a space X is hereditarily metric-fine if and only if the condition in Theorem 6 is satisfied.
